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In this Letter we suggest a method of convex rigid frames in the studies of the multipartite quNit 
pure-states. We illustrate what are the convex rigid frames and what is the method of convex rigid 
frames. As the applications we use this method to solve some basic problems and give some new 
results (three theorems): The problem of the partial separability of the multipartite quNit pure- 
states and its geometric explanation; The problem of the classification of the multipartite quNit 
pure-states, and give a perfect explanation of the local unitary transformations; Thirdly, we discuss 
yf^ ] the invariants of classes and give a possible physical explanation. 
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f^ ' It is known that in quantum mechanics and quantum information, contrast the case of the bipartite quantum 

CNJ systems with the case of studies of the multipartite quantum systems, the latter is even more difficult. For instance, 

^ for the general multipartite quantum systems the problems of the criteria of various separabihty, of the entanglement 

j^ \ measures, of the classification and invariants, etc., all are not solved better as yet. In the studies of the multipartite 
^~5 quantum pure-states, generally we always use the traditional way, i.e. we discuss the state vectors or the density 
fT^ _ matrixes in the Hilbert space, etc.. However, sometimes this way is not quite effective, especially for some problems 
the results always are short of an explicit or geometric explanation. This urges us to find some non-traditional ways 
in quantum mechanics and quantum information. The purpose in this Letter is just to discuss some problems in this 
respect. 

In this Letter, first we illustrate what is a convex rigid frame, and we suggest a new way, we call it the 'method of 
convex rigid frames' (see below), which associates a multipartite quNit pure-state to a convex polyhedron and its 
f~^ ■ a point in the Hilbert-Schmidt (H-S) space (On the real number field all Hermitian operators acting upon a Hilbert 
\^ ' space form a linear space, it is called the Hilbert-Schmidt space). Sometimes, this method is more effective. As 
^^ . some applications, in this Letter we use this method to study three basic problems and give some new results (three 
'^ ' theorems): The first is the problem of the so-called partial separability of the multipartite quNit pure-states and 
^^ , its a perfect geometric explanation; Secondly we discuss the problem of the classification of the multipartite quNit 
r^ ' pure-states, and give a perfect geometric explanation of the local unitary transformations; Thirdly, we discuss the 
Oh, invariants of classes and give a possible physical explanation. 

^.j ■ Sometimes, we call a vector (operator) in the H-S space a 'point'. In this Letter, the operators (vectors, points) 

Ch ' considered by us all are the density matrixes. In the H-S space, the interior product between two vectors A and B 
^ is defined as[l] < A,B >=tr (A^B) , the modulus of a vector A is defined by \\A\\ = y^< A,A> = ^/tr{A^^. The 
>Zh distance d{A,B) between two points A and B is defined by d{A,B) = \\A — B\\ . In the H-S space, if a n-convex 
ri'. n / ,. \ 

J> , polyhedron C„ has n vertexes cr^ (i = 1, • • • , n), then the convex sum cr — ^ Xia.i I ^ A^ ^ 1, ^ Aj = 1 I denotes a 

S^ . point in C„, we label this point a by (Ai) = (Ai, • • • , A„). We denote the set of above n vertexes {aijand the fixed 
^ ■ point a together a symbol {{ai) , (A^)} . In this Letter, for the study of the M-partite quNit pure-states, every related 
convex polyhedron C„ and the corresponding point a only can moved as a rigid body as in the classical mechanics, 
so we call it a 'n-convex rigid frame (n-CRF)', simply read it the symbol CRF = {((7?;) , (Ai)}. 

Definition 1. Two n-convex rigid frames CRF={{ai) , (Ai)} and CRF' — {{a[) , (A^)} are called to be identical, if 
d {ai, aj) — d {a[, a'A and Ai — A^ for any i,j — 1,- ■ ■ ,n. In this case we call the process CRF — > CRF' a 'motion 
from CRF to CRF". 

Obviously, this identical relation is an equivalence relation, therefore all n-CRFs can be classified by this identical 
relation. 

Now, we consider a multipartite quantum system H = (E)f£iHi with M parties, all local Hilbert spaces Hi 
have the same dimension N, then the total dimensionality of H is N^^ . Under the standard natural basis 
{| *i • • • iM >} (u- = 0, 1, • • • , TV — 1 and fc = 1, • • • , M) , a normalized M-partite quNit state vector | ^ > G if is 
in form as 

N-l JV-1 

I * >= X! Ci,i^---iM \h---iM >, C,i,2---»M G C\ Y^ \C^,^^...^^,\'^ = 1 (1) 

n,---,«Af=0 ii,---,iM=0 

In the following, we denote the set of all M-partite quNit pure-state density matrixes p =| ^ >< * | by the symbol 
^MxN, then ¥mxn is a set of points in the A^^*^-dimensional H-S space. For a given p =| vj/ >< vp |^ by the 
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following way we at once can obtain a set of CRFs. In the following, Im denotes the integer set TLm = {1, • ' ' j -^} ) 
and (r)p denotes a non-null, proper and naturally ordered subset in Zm, (^)p C Zm, ('')p = {?'i, • • • ,7'p} , where 
l^P^M— 1, ri<---< Tp, and we denote the set [i(r) ] = {Vi, • • • , Vp} (Vi, • • • ,Vp = 0, • • • , A^ — 1) . Now, for 
a I ^ > as in Eq.(l) and any fixed set \i(r) ] , we define a (M — P)-partite quNit pure-state | ^ \}{r) ] > by 

I ^ [*(r)p] >== XI C,i...i„ I ii---iM > (2) 



«si .■■-.2 



1' ' ^M-P 



=0,--- ,N-1 for all si .■■■,SM-p^('')f 



i.e. for I ^P [i(r) ] >i the indexes Vi,'''i*rp are fixed, sum up only for the othrs, is^, • • • , is^.p. Notice that 
I ^ \}(r) ] >i generally, is not normalized, we make the normalization 






XI |c^l■■■^ivl^ (3) 

M_p=0''" .N-1 for all si ,---,SM-p^('')p 



where 77^ 1 (p) is the normalization factor. We write the pure-state density matrix crn 1 (p) =| (ys [i(r) ] >< 

(^ [z(r) ] I, of them (for all possible \}{r) ] ) the total is N^ . 

Now for every pure-state density matrix /? =| ^ >< ^ |, from the normalization condition of | ^ > we have 

for all possible (r)p 

then (T (/?) — ^ -^fi 1 (/°) "^fi 1 (/'') i^ ^ point in the iV^-convex polyhedron with vertcxes 

for all possible {r) p ^ ^ 

{(T [i(r) ] } , where An 1 ~ '^f 1 (p) • Thus, for every pur-state density matrix p we always give a correspond- 
ing 7V-P-CRF as 



Ci?P 



(^) ^ { (''[*(^)p] (^)) ' (^h^)p] (^0 } (^°' ''^^ P"''^^^"^ ['(^)-] ^ (^^ 



Here, we notice an interesting fact that every CRF (p) , as a matrix, is just equal to the partial trace tr(r) (p) = 
trri---rp (p) ■ In fact, from the definition of the partial traces and Eq.(5), this conclusion is obvious, however in 
the method of convex rigid frames, CRF (p) always is regarded as a CRF. Of course, for the distinct p and 
p' , generally, CRF (p) and CRF [p') may be distinct. In the following, for a fixed {r)p, we use the symbol 

CRF = I CRF (p) |: (0 e ^mxn \ which is a set of CRFs corresponding to various pure-states density matrixes 

P- 

Theorem 1. For each fixed proper subset {r)p = {ri, • • • , rp} C Zm, {ri < ■ ■ ■ < r p ,1 ^ P ^ M — 1) , there is a 1-1 
correspondence Tf^j.-^^ between the set Pmxw and the set CRF^^^ , symbolize this by r(r)p : IPjUxAf ^ CRF^^^ . 

Proof. As in the above, by using of Eq.(5) for every pure-state p there always is a corresponding CRF^^^ [p) , 
now we define the mapping T(r) by 

T(r), ■■ FAf xAT -^ CRF^^^^ , Tf,)^ (p) = Ci?F(^,^ (p) for p G Pmx at (6) 

If p' 7^ p, then I vp >7^ ± I vj/ >, this means that there is at least one of A^^ real numbers \r. 1 (p), or oi N-^ matrixes 
CTr 1 (p) which is different from one of Ar 1 (p') , or of matrixes ctt i (p') , thus CRF, , (p) ^ CRF, , (p') . 

Conversely, for any CRFj^p ~ {{pk) ,{^k)} {k ~ I,- ■ ■ ,N-^) G CRF,. , we can take the set 
{in, • • • , irp} (iri J • • • , irp = 0, • • • , A^ — 1) to substitute the set {ii, • • • , ip} of indexes in the nature order of {k} , and 
we can rewrite CRFj^p as CRFj^p — \ [P\i ]) , [^\i 1 ) (■ Suppose that the pure-state /i^ 1 =1 ^ [i(j,) ] >< 

JV-l Af-l 

^[*(r)p] U ^[«(r)p] >== E '^^n-^^M-P I ^'si-'-^SM-p >' then we write | $ >= J2 hi-iM I 

«si,---.«SM_p=0 Jl,---JM=0 

Ji • • ■ JM > where fji---JM is determined by 

/ii---iM =M[i,^)^]C^iei---i=M-p when as a set (ii • • • im) == (Vi • • • Vp) U (isi • • • i^M-p) (7) 

It can be verified directly that | $ > is a M-partite quNit normalized pure-state, and we just have Tj^) (| $ >< $ |) = 
CRFnp. □ 



Since in the above discussion, {r)p and (s)^,f_p are completely symmetric in status, thus by the similar way, for the 
subset {s)j^_p we have yet a T(^s),^,j_p '■ ^mxn ^ CRF^^^ . From the theorem 1, Pmxn and the set I CRF^^^ > 
are 1-1 corresponding, therefore some studies of the multipartite quNit pure-states can be returned into 
the studies about < CRF >. In this Letter, we call this way the method of convex rigid frames. Sometimes, 

this method is a more effective means. As the examples of applications, in the following we use this method to study 
some basic problems. 

The first is the partial separability problem. Generally, the common so-called separability, in fact, is the 'full- 
separability'. For the general multipartite systems, the problem becomes even more complex. In fact, there yet is 
other concept of separability weaker than full-separability, i.e. the partial separability, e.g. for a tripartite qubit pure- 
state pABC, there are the A-BC-separ ability, B-AC-separability, C-AB-separability, etc. [2,3]. Related to Bell-type 
inequalities and some criteria of partial separability of the multipartite systems, see [4-6]. 

In the first place, we need to define strictly what is the partial separability of a multipartite quNit pure-state. 
About this, we must consider the order numbered by us of the particles. If two ordered proper subsets {r)p = 
{ri, ■■■ ,rp}{l i^ri < ■■■ <rp ^ M) and {s)j^^_p = {si, • • • , sm-p} (1 ^ si < • • • < sm-p < M) in Zm obey 

Wp U {s)m_p = Zm, {r)p n (s),^_p = (8) 

where P is an integer, IsC P ^ M — 1, then the set {{r)p , {s)m-p} forms a partition of Zm, in the following for 
the sake of stress, we denote it by the symbol {r)p \\ (s)^j_p. Now, for a given partition {r)p \\ (s)^j_p , we use the 
natural basis {[ Vi • • • irpisi ■ ■ ■ ^sm-p >} ^^'^ write 

N-l 

\ (^)p\\{s)m-p ^~ / , "iii2---JM I *ri • • • *rp*si • • • ^sm-p -^ ; "iii2---JM ~ ''Vi ■■■irp isj •••Jsjv^^P 1^) 

il,---,iM=0 

Obviously, | "^(r) \\{s) > and | ^ > in Eq.(l), in fact, are completely same in physic, the difference only is the order 

numbered by us of particles. For instance, '^a\\bcd = *ab||ci5 = *abc||d = '^abcd, and '9ac\\bd = J2<^ijki I 
iAkcJBh >, etc.. However, we notice that, generally, P(r)p||(s)„„p =1 *(r)p|l(s)„_p >< *(r)p||(s)„_p It^I * >< 
^P 1= p under the standard basis {[ ii • • -iM >}, unless {r)p \\ is)j^_p just maintains the natural order of Zm (i-e. 
ir)p = (1, • • • , P) , is)^i_p - (P + 1, • • • , M)), so Pir),Us),,_, = P- 

Definition 2. For the partition {r)p \\ (s)j^_p , a M-partite quNit pure-state | vj/ > is called to be {r)p — {s)i^_p- 
separable, if the corresponding | \l/(j.) ||(s) ^ > can be decomposed as a product of two pure-states as 

I *WpII(.)m-p >=I *Mp > ® I '^is)^_p > or PMp||(s)„_p = PMp <» P(s)„_p (10) 

where | *(,)^ > e <=ii/,.„ ,P(.)p = | ^^^ > < ^^^ | and | *(.)„_p >€ ^^Ji'^Hs^, p(^,-^^_^ =| *(s)„_p >< 
"^(s) I . If I ^ > is not {r)p — (s)^^_p-separable, then we call it to be {r)p — (s)^_p-inseparablc. 

We notice that for the distinct partitions, p can have distinct partial separability. Of course, if a pure-state p is 
partially inseparable with respect to any partition, then it must be entangled. Conversely, if a pure-state always is 
completely partially separable with respect to all possible partitions {r)p \\ {s)j^_p, then it is separable (disentangled, 
full-separable). By using the above method of CRFs, we can obtain the following theorem, which, in fact, is a 
geometric explanation of the partial separability of the M-partite quNit pure-states. 

Theorem 2. The sufficient and necessary conditions of the M-partite quNit pure-state p —\ ^ >< ^ | to be 
{r)p — (s)^^_p-separable is that CRF (p)(or CRF (p)) shrinks to one point (pure-state vertex), i.e. all 

df or 1 — or , 1 I = (or all d (Tr i — err i = 0) for any iA' ~ 0, ■ ■ ■ , N — 1. 

\ ^<'->-] K>p]J \ hn^-p] [^;.,„_p]y 

Proof. Necessity. Suppose that the pure-state p =| $ >< ^ | is {r)p — (s)jy^_p-separable, according to 
the Definition 2, this means that (see Eq. (9)) | ^(r) ||(s) >=| ^(r) > (Xi | ^(s) > . If the normalized 

N-l 

I ^{r)p > and I 1'(s)„_p > , respectively, are | *(r)^ >= Yl di^^-tr-p I Vi'-'Vp > and | *(s)„_p >= 

iri,---,Vp=0 

Af-1 

^ ei^ ...i^ \ is-^ ■ ■ ■ isM-p >j then by a direct calculation, in CRF/j.-\ (p) we have 



= 1 ^'M-P 

,=0 



^[n.,. 
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(P) - rf«.i-vp and all aj^^^^^j (p) =| *(,)^ >< *(,)^ | (11) 



this means that CRF(^j.-^ (p) will indeed shrink to a point. Similarly, for CRF^g-^ (p) . 

Sufficiency. If all ctn i (p) shrink to a point ct =| <y9 ><</? |, | </? >= ^ fkf-kp | fci ••• fcp >, then according 

to Eqs.(9) and (10), this means that | *(r)pi|(s)j„_p >= E fki--kp \ Vi • • • Vp > «) Y. 9is^-is,^_p I 
«si • • -^SM-p >==l ^ > (^ \ip >, where | ^ >= J] 5i3i--i.„_p I »si • • -Jsm-p >> 9i^^-i^p are some coefficients, 

and I fci • • • fcp > has been substituted by | i^ • • • Vp >• Therefore p is {r)p — (s)j,^_p-separable. D 

Corollary. For a M-partite quNit pure-state p, CRF [p) and CRF (p) both shrink to points, or both not. 

The proof is evident from the proof of the Theorem 2. 

Therefore in view of method of CRFs, every separable multipartite quNit (disentangled) pure-states is an extremely 
special state, i.e. of which all CRFs must be shrunk to a point. As an simple example, we consider the normalized tri- 
partite qutrit pure-state psxS =| *3x3 >< *3x3 \& ^3x3, I *3x3 >= l]i,j\fe=0 CyTc I J-AJskc > {J2lj,k=0 Wijkf = 1 

and the partition i?||AC, by a direct calculation we obtain a 3-CRF 

CRF^S^ (P3X3) = {{<JIU,)] (A3X3)) , (A[(,,)] (P3X3))} (j - 0, 1,2) (12) 



2 



2 



where A[(j^)] (^3x3) = E cf^sfc ^'^IUb)] (psxs) =| <^3x2 >< (^3x2 |, | (^3x2 >= (Aiq-^)]) ' E Cjjsfe I iAkc >■ It is 

i,k=Q i,k=0 

easily verified that the condition d ( <y[{jg)] (p*-'^-') — (^\( ■> ^l (p*-^-*) ) = (j, j' = 0, 1, 2) leads to that for any i, A: = 0, 1, 2 

all rates Ciok '■ cuk '■ Ci2k are equal, this is indeed the sufficient and necessary conditions of | '1/*^'^) > to be B-AC- 
separable. 

Secondly, we study the problem of classification of the M-partitc quNit pure-states. In view of the method of CRFs, 
a very natural way of classification is to use the motions of the CRFs. 

Definition 3. We call two M-partite quNit pure-states p and p' are 'equivalent by motion', symbolize by p ^ p', 
if and only if CRF (p) and CRF (p') are identical (see the Definition 1) with respect to all possible non-null 
proper subset {r)p (1 ^ P < M — 1). 

A notable advantage of this definition is that this equivalence relation do not break the partial separability of the 
M-partite quNit pure-states. In fact, we have the following 

Corollary. If two M-partite quNit pure-states p and p' are equivalent by motion, then p and p' both are {r)p — 
(s)^_p-separable (or both (r)p — (s)^,^_p-inseparable), with respect to any (r)p \\ {s)]^_p , i.e. the partial separability 
is an invariant of class. 

The proof is obvious. 

Notice that about the above way of classification, we must still solve the problem of reasonableness in physics, 
because in quantum information a pure-states p, generally, represents some information status. It is known that, 
generally, for the indistinguishability of multipartite quNit states we must use the local operation and classical 
communications (LOCC)[7-9]. Now we prove that our way is reasonable, i.e. we prove that the above classification by 
motions, in fact, is just the classification of Pmxtv under the local unitary transformations (LUs). In order to prove 
this, in fact, we only need to prove the following theorem. 

Theorem 3. Two M-partite quNit pure-states p and p' arc equivalent by motion (sec the Definition 2), if and only 
if there are M unitary matrixes Ui (N) £ U (TV) (z = 1 , • ' ' j M) that the 

p' ^ ui (N) (g) ■ ■ ■ (g) UM (N) pu\ (iV) (g) • • • u\ {N) (13) 

Proof. In the first place, we notice that in the H-S space only the unitary transformations of operators can keep the 
invariances of distances and modulus of the vectors, and a tensor product of some unitary matrixes is still a unitary 
matrix. Now, if Eq.(13) holds, according to Eqs.(2,3,5), the change from CRF^^^ (p) to CRF^^^ (p') for each {r)p 

is determined by a unitary matrix Us^ (^N^~^) (g) • • • (8)Us„_p (^N'^~^), which acts upon every 'part' | ^ [i(r) ] > of 
I Vf > in Eq.(2) and keeps rjr. i (p) to be invariant, thus the identical relation between CRF^^^ (p) and CRF^^^ (p') 
is quite obvious. 

Conversely, since Ar^ ]{p) ~ \i 1 (p') ^'^^ all possible \i(r) \^ we know that for every \i(r) ] there must be 
a unitary matrix un i (A^*'^"^) which acts upon the 'part' | ^ [ij^) ] > of | ^ >, and keeps that all equa- 
tions d\ at. 1 (p) , (Tr , 1 (p) 1 = d CTr- 1 (p') , (Tr , 1 (p') I always hold. This fact must hold for arbitrary (r)p 



and arbitrary set [i(r) ] of indexes, the unique possibility is that there are some ui (TV) , • • • , um (N) , Uk (N) G 
U{N){k = l,---,M) and | *' >= ui (TV) O • • • (g) mm (TV) | * > . D 

This theorem gives us a perfect explanation of the LUs, i.e. a LU acting upon p, in fact, is a motion of CRFs, as a 
motion of a rigid body as in the classical mechanics. 

Thirdly, we discuss the invariants of the classification and a possible explanation. Since the distance between 
two points (vectors) in the H-S space is invariant under any motion (LU), evidently there are at least two kinds of 
invariants of motions (LUs): The the volumes of the convex polyhedrons propped up by the CRFs, others are the 
angles of intersections of any two 'props' in every CRF. 

As for the problem how to calculate the volume of a convex polyhedron in the H-S space, sec [10] and its references. 

For a TVf-partite quNit pure-state p and a given {r)p \\ {s)j^_p , let U I CRF (p) J denote the volumes of the convex 

polyhedron with TV^ vertexes < a^ i Kfor all possible [«(^-) ] ) as in Eq.(5). Similarly, V ( CRF [p) J . Now we 

denote the pair of volumes by 



Vu 



W.ll(.)..-P (P) = [^(g^^(.,p (p)) '^(^^^(.„._p iP))] (14) 

Obviously, Vi^^ \Ug\ (p) is a invariant under motions (LUs) of p. In addition, in CRF (p) , the direction from the 

point a^^^ (p) ~ \^\i 1 (p) \ (for all possible [i(r)p] ) to a fixed vertex a [k(r)p] (fc = 0, • • • , TV — 1) of CRF^^^ (p) 
can be expressed by the vector 

t^r 1 (P) = V (Af- ](p)~Si. 1 r. iVr- 1 (P) (15) 

for all possible U(r)p 

Therefore the angle (we label it by B (p^ \}^(r) ] : V(r) ] )) ^^ intersection of two directs wn i {p) and loi^ ^ (p) can 
be determined by 



cos 9 



(hr)p] . [kr)p] ^P) =< ^[fe(,,^] (^) '^[(Mp] ^P) >/ ^[fe(.,p] ^P) ■ '^[(Mp] ^P) (1^) 



Obviously, cos 6 ( \kir) ] , \}(r) ] : p) i'' yet ^^ invariant under motions (LUs) of p. 

At present, we cannot yet understand what is the meaning of cos9(p, [ktr^ 1 , \l(r-f 1) in quantum information. 
However, we find a quite natural explanation of V(^r) \\{s) (p) as follows. From the Theorem 2, its corollary and 
the fact that a convex polyhedron shrinks to a point if and only if its volume vanishes, then we know that p is 
{r)p - (s)^_p-separable if and only if V(^r)p\i(s)^^^_^ (p) = (0,0). Conversely, if V(^r)p\\(s)^„_p (p) 7^ (0,0) then p is 

{r)p — (s)y(^_p-inseparable, where the value of V ( CRF (p) 1 means that the degree of the difficulty of the factor 

/9(r) to be separated out from p. Similarly, for V iCRF., (p)] . Therefore we can regard that V(r) \\(s) (p) 
denotes the degree of the measure of the S(r) — S(s) -inseparability. It is quite interesting that, generally, 
V (CRF, (p)] 7^ V (CRF (p)] unless they both vanish, this means that the above two degrees of the 

difficulties can be different. In addition, it is known that if p is {r)p— (s)j^^_p-inseparability, then there must be 
the so-called partial entanglement [4,6]. What a pity, an entanglement measure, generally, should be in form as a 
Neumann entropy and it must at least obey some limits[ll], however V(r) ||(s) ,_ (p) has no these properties, so we 
cannot taken it as a measure of the partial entanglement. 
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